A note on the deRham complex and a discrete compactness property  by Boffi, D.





A Note  on the de Rham Complex  and 
a D isc rete  Compactness  P roper ty  
D. BOFFI 
Dipartimento di Matematica, Universith di Pavia 
Via Ferrata 1, 27100 Pavia, Italy 
and 
Department of Mathematics, Pennsylvania State University 
218 McAllister Building, University Park, PA 16802, U.S.A. 
bof f i@dimat, unipv, it 
(Received and accepted January 2000) 
Communicated by F. Brezzi 
Abst rac t - -The  aim of this paper is to review the mathematical analysis of the eigenvalue problem 
associated with the Maxwell's system. Our analysis is quite general and can be applied to several 
families of edge finite element methods. Moreover, we discuss the links between different conditions 
that guarantee the good approximations of the eigensolutions, h~ particular, we prove that the 
eommutativity of the deRham complex implies the discrete comi)actness introduced by Kikuchi 
in [1]. (~ 2000 Elsevier Science Ltd. All rights reserved. 
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1. INTRODUCTION 
~Fhe approximation of the eigenvalue problem associated with the Maxwell's system has been the 
object of a wide study by engineers and mathematicians. However, only recently the mathematical  
analysis of this problem has been carried out in a rigorous way. 
In this paper, we link in the spirit of [1-3] the de Rham complex and the discrete compactness 
property for finite element spaces. Indeed, we show that  several finite element methods proposed 
in the literature to face the approximation of the Maxwell's system satisfy the discrete compact- 
ness property introduced by Kikuchi in [1]. In particular, basically all of the so-called "edge" 
finite element spaces are well suited for the approximation of the problem. 
Results in this direction have been obtained in [3,4], where the analysis of any order tetrahedral 
N4d41ec elements [51 has been proposed. Demkowicz, Monk and Vardapetyan [6] proved that  the 
discrete compactness introduced in [1] is satisfied by any order N4d~lec elements. In order to do 
that, they use an inverse inequality; therefore they have to assume the mesh to be quasiuniform 
(actually the quasiuniformity could be weakened in a sense described in the paper which does 
not allow, however, the mesh to be refined locally in a geometric way). Caorsi, Fernandes 
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and Raffetto [7] studied the implications between the discrete compactness property and the 
convergence of the approximation. Finally, let us quote that recently Kikuchi [8] proved the 
discrete compactness property for any order N~d6lec edge element using the results presented 
in [3,9], and hence, without any uniformity assumption on the mesh. 
The outline of the paper is as follows. In the next section, we present he eigenvalue problem 
and the functional spaces we are dealing with. In Section 3, we define the de Rham diagram 
property and recall the discrete compactness property. Finally, in Section 4, we state and prove 
our new result linking the de Rham diagram and discrete compactness property. 
2. THE MAXWELL 'S  CAVITY  E IGENPROBLEM 
Let f~ be a simply connected polyhedron in ]~3 (for more general situations, see [4]). The 
eigenvalue problem we shall deal with reads as follows: 
{ cur lcur lp=~p,  inf , ,  find (,~, p) with p ~ 0 s.t. div p = 0, in ft, (1) 
p x n = 0, on 0fl. 
Since the problem is symmetric, we can confine ourselves to real eigenpairs. It is well known that 
problem (1) is compact and zero is not a frequency. 
A variational formulation of (1) reads as follows. Consider the space 
X = Ho(curl; t2) A H (div°; t2) 
= {q E L2(f~) 3 : curlq C L2(~) 3, d ivq = 0, q x n = 0 on 0f~} (2) 
and 
find (A,p) e R x X with p ~ 0 s.t. (curlp, curlq) = A(p,q), Vq e X, (3) 
where (., .) denotes the inner product of L2(ft) 3. 
This is not, however, a good formulation as far as the numerical approximation is concerned. 
Indeed, a conforming approximation of (3) requires the divergence free constraint to be imposed 
exactly in the approximate scheme. This can be done (studies in this direction have been done 
for the Stokes problem, for instance), but in general it may be complicated, and one of the most 
widely used strategies to approximate (1) is to consider the following variational formulation. 
Consider the space 
Q = Ho(curl; f~) 
= {q E L2(f~)3: curlq E L2(f~) 3, q x n -- 0 on 0f~} (4) 
and 
find (A, p) E N x Q with p ~ 0 s.t. (curl p, curl q) = A(p, q), V q E Q. (5) 
It turns out that (5) is no longer equivalent to (1). However, it is well known that the only 
difference, as far as the eigenvalues are concerned, is that in (5), a zero frequency is added which 
is associated with the infinite-dimensional eigenspace grad H l(ft). What is usually done in the 
numerical approximation of (1) is to discretize (5) and to discard the zero eigenvalues, o that 
the discretization of (5) reads (here Qh is a finite element approximation of Q): 
find (/~h,Ph) e ]~ × Qh with Ph ~ 0 s.t. (curlph,curlq) = /~h(Ph,q), Vq C Qh- (6) 
It soon became apparent that the discrete space has to be chosen very carefully in order to avoid 
the presence of spurious modes which could be of two different kinds. The first very annoying 
possibility is that the zero frequency spreads out, polluting the whole spectrum. The second 
family of spurious modes has nothing to do with the zero frequency, but is generated by the 
numerical method. For a discussion about this point and an example of this second possibility, 
we refer to [4]. In [10], a proof of the existence of spurious eigenvalues of the second kind is given. 
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3. PREL IMINARY DEF IN IT IONS 
Following [2], we introduce the following notation: 
W = Hl(f~) = {w E L2(a) : gradw E L2(ft), u, = 0 on Oft}, 
Q = H0(curl; f~), 
V = Ho(div; ft) = {v E L2(f~)3 : d ivv  E L2(ft), v .n  = 0 on Oft}, (7) 
S = L2(ft). 
The exactness of the following sequence xpresses the de Rham complex diagram: 
0 --~ W grad> Q curl> V div> S/]~ --+ 0. (8) 
Given a regular sequence of meshes Th, let us now introduce finite element subspaces Wh, 
Qh, Vh, and Sh. If we are using standard piecewise polynomials, it is clear that the continuity 
requirements in order to have a conforming approximation are the following (n denotes the normal 
of the interfaces between two elements): 
w E Wh : w continuous, 
q E Q// : q x n continuous, 
v E 1/), : v .  n continuous, (9) 
s E Sh : s may be discontinuous. 
Let us denote by W, ~), I~, and S smooth dense subspaces of W, Q, V, and S, respectively, 
that allow the definition of suitable interpolation operators 
~r2' : W---, W,. 
Q 
7r h : Q --* Qh, 
vg~G,  
7T h : 
~:  ~ ~ &. 
We introduce now the following diagram: 
0 ~ ~f  grad 
' ) 0 
0 > Wh grad > Qh - 
and the following definition. 





DEFINITION 1. We say that the commuting diagram property is fulfilled i f  
• the two rows of  (11) are exact, 
• the whole diagram (11) commutes.  
REMARK 1. Let us emphasize that not only the exactness of the second row in (11) is important, 
but also the fact that the horizontal arrows commute with the vertical ones turns out to be a 
fundamental property for the approximation of the eigenvalues of (1). 
PtEMARK 2. There are basically two known families of finite element spaces that meet the com- 
muting diagram property. The first one is the Raviart-N6d61ec-Thomas one [2,5,11,12] (first and 
second kind on tetrahedra nd first kind on hexahedra) known also as face-edge lement family. 
The second one has been introduced more recently by Demkowicz and Vardapetyan (see [13,14]) 
and turns out to be a generalization of the two-dimensionM mixed BDM element [15] and of the 
N6d61ec element of the second kind [16] for tetrahedra or of the first kind [5] for hexahedra. The 
second family seems to be more flexible, since it allows local refinements in p and h. 
Let us now fix our attention to the spaces Wh and Qh and recall the definition of discrete 
compactness [1,17]. 
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DEFINITION 2. We say that the pair (Wh, Q,h ) satisfies the discrete compactness property i f  given 
a sequence qh C Qh SUCh that 
• (gradWh,qh) = O, VW h E Wh, 
• ][qh[]Q --~ 1, 
then there exist a subsequence qh,, converging strongly in L2(f~). 
REMARK 3. It is clear that the corresponding property for (Wh, Qh) replaced by (W, Q) holds 
true due to the compact embedding 
X ~ n2(f~). (12) 
REMARK 4. Using the exactness of the second row in (11), the first hypothesis on {qh} in the 
previous definition says that qh is orthogonal to the kernel of the curl operator acting from Qh 
to Vh. 
4. DE RHAM DIAGRAM AND DISCRETE COMPACTNESS 
We shall make use of the following mixed problem: 
given g E V, find (p, u) E Q × curl (Q) such that 
(p ,q)+(cur lq ,  u )=0,  VqeQ,  (13) 
(curl p, v) = (g, v), k/v E curl (Q), 
and the corresponding approximation: 
given g E V, find (Ph, Uh) C Qh × curl (Qh) such that 
(Ph,qh) + (curlqh,Uh) = 0, k/qh C Qh, (14) 
(curlph, Vh) = (g, Vh), VVh E curl(Qh). 
Problem (13) has been intensively studied in these last years. It turns out that it is well posed 
and that its approximation (14) is stable as a mixed problem/8] provided the commuting diagram 
property is satisfied. Moreover, in [2] the following important estimate has been proven (actually, 
the inequality has been proved assuming f~ convex, but it can be easily extended to the more 
general situation). 
PROPOSITION 1. Suppose that the commuting diagram property (see Definition 1) is satisfied 
and that O. can be chosen such that if p solves (13), then it belongs to Q. Then if g belongs 
to Vh, 
liP - PhilO _< P - 7rQP 0" (15) 
We are now in position to state and prove the new result concerning the discrete compactness 
property. 
THEOREM 1. Let Wh, Qh, Vh, and Sh be such that the commuting diagram property is satisfied 
(see Definition 1). Assume, moreover, that Q can be chosen such that if p solves (13), then it 
belongs to Q with the a priori bound 
IIpl[(} -< C[IglIv, (16) 
and that the interpolation operator ~rQh approximates the identity in norm, that is, 
P - 7rhQP o < p(h)ilp[[Q, (17) 
with p(h) going to zero as h tends to zero. Then (Wh, Qh) satisfies the discrete compactness 
property (see Definition 2). 
PROOF. Let {qh} be a sequence in Qh as in Definition 2. We call p(h) the first component of 
the solution to problem (13) with g = curl qh (the notation emphat is, 
p(hn) --* p, in n2(~). (19) 
We will show that {qh,, } converges strongly to p in L2(f~). 
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For simplicity, let us denote the subsequence hn still by h. We observe that there exists 
Uh C curl (Qh) such that (Ph, uh) is the solution of (14) with g = curlph and Ph = qh. Indeed, 
the second equation is trivial; given Ph = qh, the first equation provides the definition of Uh as 
follows: 
(1) find ah  ~ Qh such that (curlah,curl~3h) = --(qh,13h), 
(2) define uh = cur lah .  
(2o) 
It turns out that everything in (20) makes sense. In particular, the equation involved in the 
first step is solvable because of the compatibility (qh, grad Wh) = 0, Y Wh ~ Wh. Actually, (~h is 
defined up to the gradient of an element in Wh which, however, does not influence the definition 
of U h. 
In conclusion, p(h) solves (13) with g = curlqh and qh solves (14) with the same datmn. 
Therefore, we can use (15), (17), and the definition of p(h) and qh to get 
liP(h) - qh]t0 --< p(h) - 7rQp(h) 0 <- P(h)llP(h)]l£? <- Cp(h)]I curlqhllv <_ Cp(h,). (21) 
Putting together (19) and (21) and using the triangular inequality, we obtain the convergence of
qh to p in L2(~). | 
[~EMARK 5. The proof above contains the main argument showing the relationship between the 
commuting diagram and the discrete compact property. However, it cannot be applied directly 
t.o the edge element families. Indeed, the a priori estimate (16) in general does not hold true. In 
fact, if g is only in V, in general the first component p of the solution of problem (13) does not 
Q to be well defined. In particular, we meet the requirement stated in [9] for the interpolant 7r h 
would need curlp to be in LP(Q) (p > 2), while it only belongs to L2(f~). 
()n the other hand, it is clear that hypothesis (16) is used only to get the estimate (18). 
Actually, it turns out that the bound (18) is true in general even if the a prior~i estimate (16) 
may be false. This can be easily seen observing that in this case g is regular enough in order 
to define 7r~p(h); then the same argument as in [9, p. 856], which has been already used in this 
framework in [3,8], can be applied to this situation. 
We state the related result in the following corollary. Note that the edge finite elements of 
second type on hexahedra [16] do not satisfy the commuting diagram property; hence, they 
have not been included in the present result. On the other hand, to the best of the author's 
knowledge, there is no numerical evidence in the literature about the convergence of this element 
when applied to eigenvalue problems. 
COROLLARY 1. The edge finite element spaces of  the Raviart-N6d~lec-Thomas (first and second 
type on tetrahedra nd first kind on hexahedra) and of the Demkowicz-Vardapetyan f mily satist'g 
the discrete compactness property. 
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